A simple theory of static and dynamic hardness When a hard spherical indenter is pressed into the surface of a softer metal, plastic flow of the metal specimen occurs and an indentation is formed. When the indenter is removed it is found that the permanent indentation is spherical in shape, but that its radius of curvature is greater than that of the indenter. It is generally held that this ' shallowing ' effect is due to the release of elastic stresses in the material around the indentation. It is clear that if the recovery is truly elastic it should be reversible and that a second application and removal of the indenter under the original load should not change the size or shape of the indentation. Experiments show that this is the case. This means that when the original load is reapplied, the deforma tion of the indenter and the recovered indentation is elastic and should conform with Hertz's equations for the elastic deformation of spherical surfaces. Measurements show that there is, in fact, close agreement between the observed deformation and that calculated from Hertz's equations.
The hardness ofam etalis often defined as its resistance to indentation (O'Neill 1934) . In the Brinell hardness test (Brinell 1900; Meyer 1908) , a hard steel ball is pressed under a fixed normal load on to the smooth surface of the metal to be tested. When equilibrium has been reached, the load and indenter are removed, and the diameter of the permanent impression measured. The hardness is then expressed as the ratio of the load to the curved area of the indentation (Brinell hardness) or as the ratio of the load to the projected area of the indentation (Meyer hardness). In both cases, the hardness has the dimensions of pressure.
The relation between load and size of indentation may be expressed by a number of empirical relations. The first of these, known as Meyer's law, states th at if F is the load applied and d the diameter of the impression left when the indenter is r e m o v e d
F = k d n, (1)
where k and n are constants for the material when the diameter of the ball is fixed The value of n is generally greater than 2 and usually lies between 2 and 2*5. For completely unworked materials, n has a value near 2-5, whilst for fully worked materials it is close to 2.
When balls of different diameters are used, the values of these constants change. For balls of diameters D 1,D 2,D 3, ... giving impressions of diameters ..., a series of relations is obtained of the type
In a very extensive series of investigations Meyer (1908) found experimentally th a t the index n was almost independent of D but th a t k decreased with increasing D in such a way th a t A = ^^-2 = k2D%~2 = k3D%
where A is a constant. When conical or pyramidal indenters are used as in the Ludwik and Vickers hardness tests respectively a simpler relationship is observed. Over a wide range of experimental conditions it is found th a t
for an indenter of fixed angle. The power of d is fixed, but k depends upon the angle of the cone or pyramid used. I t has long been known th at the permanent indentation left in a metal surface deformed by a hard steel ball has a larger radius of curvature than th a t of the indenting sphere. Some very careful measurements by Foss & Brumfield (1922) have shown th at the indentation is symmetrical and of spherical form, but th a t its radius of curvature may, for hard metals, be as much as three times as large as th a t of the indenting sphere. This effect has generally been ascribed to the release of elastic stresses in the metal specimen, but little work of an analytical nature has been carried out to relate this to the elastic properties of the metal and the ball.
I t is a t once evident th a t if the recovery observed is an elastic one, it should be essentially reversible. That is to say, if the indenter is replaced in the recovered indentation and the original load applied, the surfaces should deform elastically, and on removing the load, the diameter and curvature of the recovered indentation should be unchanged.
Experiments were carried out to test this. A series of impressions were made with hard steel balls of various diameters on various metal surfaces, using loads ranging from 250 to 3000 kg. The diameters d of the impressions formed were measured after 1, 2,3 and 5 cyclic applications of the load. The radius of curvature r2 of the recovered indentation was also measured, using (a) a delicate profilometer, ( ) a metallographic section across the diameter of the indentation. The values of d were reproducible to less than 1 %. The radii of curvature as determined by the profilometer method were reproducible to about 4 %. A few of these values were compared with those obtained from direct photomicrographs of the sections across the diameter of the indentation; the agreement was of the order of 1 to 2 %. For example, with a single application of load of 500 kg. on mild steel (10 mm. ball) the radius of curvature of the indentation by the profilometer method (mean of three determinations) was 0-595 cm. and by the direct contour method 0-605 cm. These values are typical. The results are given in table 1. i I t is seen th at the indentation remains essentially unaltered in diameter and curvature after the second and third applications of the original load. This shows th at the deformation occurring a t the final stage of the original deformation is reversible and is therefore essentially elastic.
Since the 'recovery' of the indentation is truly elastic, it is possible to apply the classical laws of elasticity to this portion of the deformation process. The condition of the surface of the metal after the indentation has been formed is idealized, and it is assumed th at it consists of a plane surface X A B Y containing a depression of spherical form of radius of curvature r2 and of diameter d = 2a (figure la).
When a hard steel sphere (radius of curvature r 1) is placed in the indentation, and a normal force of F dynes is applied, both surfaces are elastically deformed to a common radius of curvature r where r2> r> r1 and the deformed surfaces finally touch over the boundaries of the indentation (figure 16). I t is assumed th at there is very little change in the diameter d during this deformat generally accepted as being valid to within a few per cent. Then, according to H ertz's classical equations (Hertz 1896) describing the elastic deformation of spherical surfaces, the relationship between d, r1 and r2 is given by
where Ev E2 are Young's moduli for the indenter and the metal, and where a va of 0*3 for Poisson's ratio has been assumed.
In a discussion of the derivation of this equation, Prescott (1927) has indicated th a t even if the surface X A B Y is not a plane, the same equation will result. If, for example, the surface rises at the regions A and B as in figure or falls as in figure 2 6, the above equation is still valid, provided the projections or depressions a t A and B are not too marked.
(a) (b)
This equation is applied to the previous measurements of rv r2, F and d. The value of d obtained from equation (5) is compared with the observed value of the diameter of the recovered impression. The results are given in table 2. I t is seen th a t the agreement between the last two columns is-reasonably good, particularly as the accuracy in determining r2 is not better than about 4 %. As a m atter of interest, use is made of the observations of earlier workers.
(1) Profiles given by Batson (1918) for a ball of diameter 10 mm. and a load of 3000 kg. on three types of steel. I t is assumed th a t 20 x 10U dynes/cm.2 for all the steels. The results are given in 
----------------------------
soft brass 1 9 x 1011 3000 0-5 0-518 0-555 0-7 soft brass 2 9 x 1011 500 0-5 0-521 0-330 0-38 hard bronze 3 7-5 x 1011 3000 0-5 0-527 0-497 0-66 soft bronze 4 7-5 x 10u 500 0-5 0-557 0-276 0-28 hard bronze 5 7-5 x 10u 3000 0-5 0-531 0-499 0-63 soft bronze 6 7-5 x 10n 500 0-5 0-566 0-302 0-28 (3) Profiles given by Foss & Brumfield (1922) for a ball of 10 mm. diameter and a load of 3000 kg. on various steels. I t is assumed th at 20 x 1011 dynes/cm.2 for all the steels. The results are given in table 5, and it is seen th a t the agreement between d (calculated) and d (observed) is close. 
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These results show that in general the agreement between the observed and calculated values of d is reasonably good, particularly when r2 is not too close to rv i.e. when the elastic 'recovery' is marked. I t is, of course, true that as the calculation of d involves a cube root, the values of F, r2, and E2 are not very critical. Nevertheless, the agreement is consistent for a great diversity of materials and experimental conditions. Discussion The experiments show that when an indentation is formed in a metal surface by a hard spherical indenter, the last stage of the indentation process is reversible and may be expressed in terms of the elastic constants of the materials and the sphere. This is shown by the fact that after several cyclic applications of the original load the recovered indentation remains essentially unaltered in diameter and in radius of curvature. Further, the extent of the elastic 'recovery' of the indentation may be calculated on the basis of Hertz's equations, and the results show that on the whole there is good agreement between the observed and calculated values for a wide range of materials and experimental conditions.
The following mechanism for the processes involved in the Brinell hardness test may, therefore, be put forward. When the ball presses on to the surface, the metal is first deformed elastically. The stresses, however, soon exceed the elastic limit of the metal and plastic flow occurs. As the metal is displaced, work-hardening occurs and the elastic limit of the material increases (see, for example, the description in Car penter & Robertson (1936) ). This process continues until the stresses are now dis tributed over an impression of such dimensions that the stresses are within the elastic limit of the deformed material. At the end of the process, therefore, plastic flow has ended and the whole of the load is borne by elastic stresses in the material. If, for example, the load is removed, there is elastic 'recovery', and if the same load is reapplied, the surfaces deform elastically until they just fit over the diameter of the original impression. The elastic stresses now reach the limits that the deformed material around the impression can stand. If the load is removed or reduced, there is, as we have seen, a release of elastic stresses. If it is further increased, the stresses exceed the elastic limit and further flow of the material occurs. There is a further increase in work hardening and the process continues until the stresses are distributed over a larger impression, and so fall again within the increased elastic limit. 2
D ynam ic h a r d n e s s m ea su r e m e n t s
If a hard steel or diamond indenter is dropped on to a metal surface, it rebounds to a certain height and leaves an indentation in the surface. Martel (1895) showed that over a wide range of experimental conditions, the volume of the indentation so formed is directly proportional to the energy of the indenter. Vincent (1900) and other workers have confirmed this experimental observation. This result may be interpreted as implying that the metal offers a constant pressure of resistance to the indenter equal numerically to the ratio (energy of indenter)/(volume of indentation).
This ratio has the dimensions of pressure, and is referred to as the dynamic hardness number. Later workers have discussed the validity of this relation in some detail, and in particular it has been suggested th a t the energy of rebound should be taken into account in calculating the dynamic hardness.
A different approach is th a t adopted in Shore's scleroscope, where the height of rebound is used as a measure of hardness. I t is found th at if the height of fall is constant, the height of rebound is roughly proportional to the static hardness of the material concerned (Shore 1918) .
In what follows the processes involved in impact experiments will be analyzed, a simple theory which explains a number of empirical relations observed in dynamic hardness measurements will be developed.
The process of impact may be divided into three main parts, (i) When the indenter first strikes the metal surface, elastic deformation takes place until the mean pressure developed is sufficient to cause plastic flow of the metal, (ii) Plastic deformation of the metal now occurs accompanied by a building up of further elastic stresses in both the indenter and the metal. This process continues until the indenter is brought to rest, (iii) There is now a release of elastic stresses in the indenter and the material surrounding the indentation, as a result of which rebound occurs.
In a detailed investigation of the impact of spheres of similar metals, Andrews (1930), who was mainly concerned with the period of the collision, calculated the time involved in each of these portions of the impact. The analysis applied to the last two parts of the process was, however, of an admittedly approximate nature. In the following analysis, where one is concerned essentially with the forces involved and not the time of collision, a different procedure which considerably simplies the problem will be adopted.
It is assumed th at there is a dynamic yield pressure P which to a first approxima tion is constant and which is not necessarily the same as the static pressure necessary to cause plastic flow. This assumption implies th at whenever the pressure during impact reaches the value P, plastic flow occurs, and so long as plastic flow continues the pressure remains constant a t this value. Now consider the indentation after impact has occurred. If the volume of the remaining permanent indentation is Vr, the work done as plastic energy in producing this indentation is by definition of Pgiven by ^ = PVt.
Clearly the energy W3 is the difference between the energy of impact and the energy of rebound W2. All th at remains therefore is to calculate and the volume Vr. Suppose the indenter has a mass m and a spherical tip of radius of curvature rx and that it falls from a height hx on to a flat metal surface. After the collision the indenter rebounds to a height h2 and leaves a permanent indentation in the metal surface of diameter d = 2a. It is assumed th at the mechanism dynamic indentation is essentially the same as th at which occurs under static conditions. That is to say, when the plastic deformation has been completed, there is a residual elastic deformation which is reversible. It is assumed that the energy involved in the release of these elastic stresses is equal to the energy of rebound of the indenter. Finally, it is assumed th a t Young's moduli for the indenter and the metal are essentially the same as for static conditions. Again, consider the indentation after the impact has occurred. Since there has been a release of elastic stresses in the indentation, its radius of curvature will not be rx but will be somewhat greater, say r 2. If a suitable load F were applied to the indenter for a very short interval, it would deform the indentation (and itself) elastically, and just touch over the diameter d, where again
The elastic energy involved in this process is estimated by calculating the external work performed in pressing the indenter into the indentation. As the indenter sinks into the indentation the force increases from zero and reaches the final value F given by equation (5a) as the full contact across the diameter = 2a is completed. At any intermediate instant when the region of contact has a diameter 2a (where a < a) the fo rce /o n the indenter, given by equation (5a), is
At this stage, as a result of the elastic deformation of both contacting surfaces, the centre of the indenter has descended a distance (Prescott 1927) given by 3/f~1~cri | I -* ! 4 a |_ nwhere crx and <x2 are Poisson's ratio for the indenter and the anvil respectively. Then the integral of f d zo ver the range a = 0 to a = a is the total elastic energy stored the surfaces. A simple integration shows th a t this energy, which we equate to the energy of rebound, is
where a value of 0-3 is again assumed for Poisson's ratio. The volume Vr of the permanent indentation left in the surface may be written to a first approximation as Vr = 7ra4/4r2.
We now express r 2 in terms of rx and F from equation (5a),
rx a P 2J (9) since the force F at end of indentation is equal to 2. The first term o f equation (9) 
The validity of this analysis depends on the assumption that the internal forces occurring in the actual impact are essentially the same as those involved in the analytical model just described. In particular, it is assumed that the elastic waves set up in the indenter and the metal specimen absorb a negligible amount of energy. It is also assumed that the temperature rise of the material around the indentation during the impact is small and has a negligible effect on the strength properties o f the metal.
It is at once apparent that if the rebound is not very large (so that h2 is small) the results will not be very different from the equation given by Martel, P = mghx[Va, nor from the equation suggested by later workers, P = mg(h1 -h2)jVa.
Effect of variation in the value of P
In the above derivation it has been assumed that is a constant throughout the process of impact. There are, however, two reasons why P may be expected to vary during the collision. The first is a dynamic effect associated with the kinetic displace ment of the metal during impact. This will tend to increase P at the initial stages o f the deformation when the velocity o f displacement is a maximum (see later). It is difficult, however, to express this effect quantitatively. The second reason is that work hardening of the deformed material will occur during the formation of the indentation. As a result, P will tend to increase during impact in a manner similar to that observed in static hardness measurements, as described in equa tion (1). Some estimate of the order of this effect may be made by assuming that, on analogy with the static indentations, we can write 
where P is now the mean pressure at the end of the deforming process. This is also the pressure involved in the calculation of the rebound. Substituting this value of W9 in the appropriate equations, we obtain
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The last term in the bracket varies from § to %h2 as n varies from 2 to 2*5, so th a t this term tends to give lower values for P. On th the main bracket increases from 1 to 1-12 as n increases from 2 to 2*5. The total effect is to give values of P which are somewhat greater than those given in equation (11). The difference, however, will never be more than about 10 %. (8) and (11) Remembering th at at the end of the indentation process, F equation (8) Since the apparent volume of the indentation Va is proportional to a4, this means th a t h2 is proportional to F | for any fixed material. Plotting h2 against Va on log arithmic ordinates, straight lines should be obtained with a slope of f , if P is constant. Some results taken from Edwards & Austin's paper (1923) are plotted in figure 3 , and it is seen th a t this is approximately true. If P is not constant but Varies in the manner given by equation (la) it is found th a t the logarithmic graph of h2 against Va is still a straight line, but the slope has a value of J (3 + 4), i.e. it varies from f to 1 as nvaries from 2 to 2-5. I t is seen from figure 3 th a t in fact the points for each material lie on a straight line, and th a t the slope lies between 0 7 and 0*85. (A similar relation is obtained if equation (11a) is used instead of equation (11).) Since the bracket involving Young's moduli does not vary greatly for most metals, this factor may be treated as a constant and P may be plotted as a function of h2 for a given height of fall hv The theoretical curve is shown in figure 5. I f allowance is made for the fact that softer metals usually have a smaller Young's modulus, the curve is modified in a manner similar to that shown in the dotted curve. These curves reproduce in fact the main characteristics observed in the practical calibration of rebound sclerescopes. It is also evident that over a wide range of experimental conditions the height of rebound, for a fixed height of fall, is almost directly proportional to the dynamic yield pressure.
The validity of equations

The condition for elastic collisions
I t is interesting to consider what happens when the rebound is equal to the height of fall. In this case, the processes of impact and rebound become entirely elastic, and there is no plastic deformation of the anvil (see Taylor 1946 ). If we go back to the original equations and calculate the final average pressure Pe developed between the indenter and the anvil in a purely elastic collision, we obtain a relation p 5
again assuming a value of 0-3 for Poisson's ratio. This is exactly the same as the value for P obtained from equation (12) follow from this result. First, equation (12) is valid right up to a rebound of 100 %. In the latter case, the pressure obtained from equation (12) is then the final mean pressure between indenter and specimen. Secondly, plastic deformation will not occur if the yield pressure of the specimen is higher than the value of Pe given in equation (12a). As a m atter of interest, it is possible to calculate the value of Pe from typical data. If the height of fall is 100 cm. and the indenter is a steel ball of mass 4 g., diameter 1 cm., and if Ex = Pe = 400 kg./mm.2. This means th a t if the anvil has a yield pressure* less than about * This is th e yield pressure for infinitesim al deform ation. I t corresponds to th e tran sitio n from elastic deform ation to th e onset of plastic deform ation and is considerably sm aller th a n th e yield pressures observed in th e fully plastic deform ations occurring in practical hardness 400kg./mm.2 plastic flow will occur, and the height of rebound will be less than the height of fall. In this case the yield pressure of the material is given by equation (12). If, however, the yield pressure of the specimen is above 400kg./mm.2, there will be no plastic deformation of the specimen, and the height of rebound will be equal to the height of fall. In this case the rebound method will give the same height of rebound for all metals with a yield pressure higher than 400kg./mm.2. In fact, the height of rebound will be very insensitive to yield pressure above about 350kg./mm.2. I f it is wished to extend the sensitivity of the rebound method for the measurement of higher yield pressures, the experimental conditions must be modified to give a higher value for Pe in equation (12a). This may be readily achieved by increasing the mass of the indenter or the height of fall. For example, an increase of either of these by a factor of 32 will double the value of Pe. A more sensitive method, however, is to decrease the radius of the tip of the indenter. A decrease of by a factor of only 3*2 will double the value of Pe. These observations may prove of value in the design of impact hardness equipment. 
Coefficient of restitution
It is cleaj; from this relation that v2 depends on so that the ratio e = will not be a constant. The way in which e varies with the velocity of impact is shown in figure 6 , where curves i, ii, iii, iv and v respectively have been drawn for values of e = 1, 0*8, 0*6, 0*4 and 0*2 at an impact velocity of 450cm./sec. (This corresponds approximately to a height of fall of 100 cm.) As will be seen later, P is not a constant, so that some deviation may be expected from these curves in practice. Nevertheless, the general form of these curves is fully confirmed in practical experiments. If instead of equation (11) equation (11a) is used to derive the relation between v, and we obtain *, _
where ft = (2 n -l)/(2w + 4). This equation gives curves which are sim given by equation (13), but they are appreciably flatter.
I t is apparent from these equations and from the experimental curves th a t in general the coefficient of restitution of impacting solids capable of undergoing plastic deformation will not be a constant. At very low velocities of impact, the pressures developed will be insufficient to cause plastic flow. The collision process will be entirely elastic and the coefficient of restitution will be unity. This occurs even with the softest metals if the velocity of impact is small enough, as Andrews (1931) showed for lead and tin alloys. As the velocity of impact increases, the amount of plastic deformation will steadily increase, and there will be a corresponding decrease in the coefficient of restitution.
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A comparison of dynamic and static hardness numbers
Some impact experiments were carried out with steel balls of diameter 0-5 and rO cm . They were dropped from various heights hx on to massive anvils of various metals, and the height of rebound h2 and the diameter d of the permanent indenta tions left in the metal surface were measured. From these observations the dynamic hardness P was calculated, using equation (11).
Some static experiments were also carried out on the same surfaces, using the same steel balls. The load L required to give an impression the same diameter as It is seen that the mean pressure required to produce plastic flow dynamically is higher than that required to produce the same amount of flow statically. This is particularly the case with the softer metals, lead and indium, and the effect becomes more marked if equation (11a) is used to calculate P instead of equation (11). It is also seen that the dynamic hardness is not constant but is, in general, higher the greater the height of fall hv This suggests that in calculating P from the volume of the indentation, part of the energy is used in the viscous displacement of the metal as the indenter sinks into the surface. This view is confirmed by a calculation of the yield pressure from the height of rebound. W e rewrite equation (8a) where the suffix r is added to P to show that it is calculated from the rebound height. Typical results are given in table 7.
I f the last three columns are compared, it will be seen that the yield pressure Pr calculated from the height of rebound is less than the yield pressure P calculated from the volume of indentation, and somewhat greater than the static yield pressure Pm. This is what would be expected. During the formation of the indentation, when plastic flow is occurring, there is a bulk displacement of metal around the indenter.
This involves the expenditure of kinetic and viscous energy, so th a t the kinetic yield pressure P is appreciably higher than the static value Pm. On the other hand, at the end of the impact where the elastic compression and recovery take place, the plastic flow of the material has come to an end. There is no further bulk displacement of metal around the indenter, and no energy is expended in pushing the metal bodily away from the indentation. All the deformation around the indenter is now of an elastic nature, and any kinetic energy imparted to the material under these conditions should be reversible. As a result the pressure at this stage may be expected to be essentially the same as Pm. This is seen to be approximately the case. For the harder metals the values of Pr are less than 10 % higher than Pm, whilst the values of P are 20 to 30 % higher. W ith the soft metals the difference between P and Pr becomes very marked indeed. The dynamic yield pressure P is now very much higher than the static pressure Pm, whereas Pr remains relatively close to the static values.
Discussion
These results show th at when an indentation is formed in a metal surface by an impinging indenter, the pressure resisting indentation is greater than th a t occurring in the formation of a similar indentation under static conditions, and the higher the velocity of impact the greater the pressure of resistance. Further, the average pressure resisting indentation during the impact itself is always higher than th a t involved at the last stages of the impact ( ), where the plastic deformation has completely come to an end. These results are consistent with the view th at the forces required to deform metals plastically are greater, the faster we attem pt to deform them. This dependence of the yield pressure on the speed of deformation suggests th a t in the dynamic deformation of metals, forces of a quasi-viscous nature are involved. This is borne out by the results for soft metals, lead and indium, where the pres sures required to produce plastic deformation dynamically are very much greater than the static values. This cannot be due to the work-hardening which may occur rapidly during the formation of the indentation, since at the end of the impact where the work-hardening would be a maximum, the effective yield pressure is very much smaller than the mean dynamic yield pressure P which is involved during the course of the impact itself. It would seem that in the deformation of soft metals, where relatively large volumes of metal are displaced, appreciable amounts of energy are dissipated as a result of the 1 viscous ' flow of the deformed material surrounding the indentation.
Finally, at the end of the indentation process, where the plastic flow of the metal has come to an end and a regime of purely elastic stresses has been reached, the pressures involved (Pr) are only a few per cent higher than those involved in the formation of indentations of the same size under static conditions.
A SIMPLE THEORY OF HARDNESS
In this part of the paper, an attempt will be made to correlate the hardness of a metal with its elastic limit and with the way in which the elastic limit varies with the amount of deformation to which the metal has been subjected.
If p v p 2, p s are the principal stresses in a solid body, the criterion for plastic flow as proposed by Mises is that Y .This mod indentation of a metal which does not work harden. Experiments may be carried out to test this result by using metal specimens which have been very highly worked so that they are incapable of appreciable further work-hardening. Some typical results are given in table 8, the elastic limit Y being found from careful compression experiments. The values of Pm increased slightly with the size of the impression made. It is clear, however, that to a first approximation, plastic yielding occurs when
where c is a constant having a value of about 3.
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Now consider in somewhat greater detail the range over which equation (14) is valid. When a hard spherical indenter is pressed on to the plane surface of an ideally plastic body, the deformation of the surfaces is a t first elastic and the stresses are given by H ertz's analysis. The Mises criterion indicates th a t the material first exceeds the elastic limit a t a region below the surface of contact when the mean pressure Pm reaches a value of about 1-1 F (Timoshenko 1934, p. 344) . At this stag the region of plasticity is extremely small and the permanent deformation resulting is also very small. As the load is increased the region of plasticity grows; there is a very gradual increase in the size of the indentation produced, whilst the pressure resisting deformation rises rapidly. A stage is soon reached a t which the plastic region extends over the whole of the domain around the indentation. At this stage, Pmx 3 Y, as given in equation (14). As we have seen, the numerical factor increases slightly with the size of the indentation, probably on account of the increased confinement of the displaced material (see Bishop, Hill & Mott 1945) . This transition in the value of Pm from IT F to about 3 Yi s part of the deformation and is distinct from the effects produced by work-hardening. The onset of indentation which occurs when = IT F is observed only when extremely refined measurements are carried out under very small loads. Hardness measurements are usually carried out a t loads well above this point, in the range where the whole of the material around the indentation flows plastically. Con sequently, equation (14) may be applied to most practical hardness measurements.
Effect of work-hardening
If the metal is incapable of work-hardening, the elastic limit F is a constant and equation (14) is valid. With most metals, however, the elastic limit depends on the amount of work-hardening which the metal has undergone, and this in turn depends on the amount of deformation to which it has been subjected. When an indentation is formed by a spherical indenter the material around the indentation will be dis placed and in general the elastic limit will be raised. However, as will be seen below, the elastic limit will not be constant a t every point around the indentation since the amount of deformation or strain will in general vary from point to point. We may, however, expect th a t there exists an average or 'representative' value of the elastic limit which is related to the mean pressure by a relation of the same type as equation (14). Making this assumption a general relation between Pm and the size of the indentation may be derived.
Suppose the indentation has a diameter d and a radius of curvature r2. Since it is a portion of a sphere its shape is completely defined by the dimensionless ratio d/r2. Then for all indentations for which d/r2 is the same, the amount of deformation of strain at the ' representative ' region will be the same if the grain size of the material is sufficiently small as to be irrelevant. It may, therefore, be said that the strain produced at the 'representative' region is simply a function of d/r2. Since r2 is usually very near the radius of the indenting sphere = D/2) the deformation becomes approximately equal to *1 = /(d /D ).
This equation means simply that geometrically similar indentations produce similar strain distributions. I f the metal is initially fully annealed, this is the total strain produced by the indenting process. If, however, the metal has previously been cold worked, we may consider it as unworked material that has undergone an initial deformation or strain 80. As we shall see later, we may, to a first approximation, add this strain to that produced by the indentation. Hence the total strain 8 produced at the 'repre sentative ' region of the indentation will be given by
We assume that the elastic limit
Yi s a single-valued or strain so that v
Thus the 'representative' value of the elastic limit will be given by
Equilibrium is therefore set up when
Co-ordination of results
The first result that follows from equation (15) is that we may at once co-ordinate hardness measurements made with various loads and ball diameters on a given metal specimen. For a fixed metal 80 is constant, so that if Pm a smooth single-functioned curve should be obtained for all the loads and ball diameters used. Some results by Krupkowski (1931) for annealed copper are plotted in figure 7. It is seen that all the results lie about a smooth curve for ball 'diameters ranging from 1 to 30 mm. Further, the curve is of the same type as the elasticlimit/deformation (i.e. the stress-strain curve) for annealed copper.
Hardness as a function of the stress-strain characteristic
A more quantitative connexion between the mean pressure and the elastic limit of the material around the indentation may now be considered. A convenient method o f measuring the elastic limit of a material is to determine its hardness using a pyramidal indenter possessing a large apex angle, as in the Vicker's test. In this case, since the indentation is geometrically similar whatever its size, the mean pressure on the indenter is almost independent of the size of the indentation, i.e. the hardness is almost independent of the load. If, therefore, one measures the Vickers hardness of a metal th at has been compressed or elongated by various amounts, one obtains a direct relation between the hardness number, the amount of deformation or strain and the elastic limit a t any stage. This relation may then be used to deter mine the elastic limit of any specimen of the metal. Relations of this type were determined for specimens of mild steel and annealed copper. Blocks of these metals were carefully compressed by various amounts, and the elastic limit at each stage of compression determined. The Vickers hardness numbers were also determined at each stage. Typical results for the mild steel specimens are shown in figure 8 ; the deformation is expressed as the change in length divided by the compressed length and corresponds to the fractional increase in the area of cross-section of the specimen.
Brinell impressions of various sizes were then made in the surface of mild steel and annealed copper specimens, and Vickers hardness measurements made a t small loads (to give very small impressions) in the free surface of the specimen. In this way the elastic limit of the deformed material in the free surface around the indentation and in the indentation were determined. Typical results for indentations of various sizes in mild steel are shown in figure 9. I t is seen th a t the elastic limit of the metal gradually rises as the edge of the indentation is approached. At the edge itself the elastic limit rises rapidly and then falls somewhat as the centre of the indentation is ------stress-strain curve.
for copper and steel are given in Similar measurements were carried out on copper and mild steel specimens th a t had been compressed by various amounts. I t was again found th a t Pm = cYe, where c had essentially the same value as before. I t was also found th at the representative deformation was approximately additive to the initial deformation, i.e. a t the edge of the indentation the deformation may be written approximately as
Now compare the stress-strain characteristics with the hardness curves. Figure 10 shows the results obtained for annealed copper and mild steel. For the hardness curves, the values of Pm have been plotted against the values of d/D. For the stressstrain curves, the elastic limit has been multiplied by a constant factor and plotted against the deformation or strain. There is close agreement between the two curves.
The analysis may be extended to hardness measurements which have been carried out on specimens th at have been deformed by various amounts. One then obtains a series of Pm -d\D curves th at have been displaced along the deformation axis by amounts equal to the initial deformation of the specimen. Results for annealed copper, curve B (author), and ordinary bright mild steel, curve A (author), are given in figure 11 .
The hardness values for copper are for annealed specimens th at have been deformed in compression experiments by 0, 9-6, 17*1, 29-6 and 41*5 %. The hardness values for mild steel are for specimens th at have been deformed in compression experiments by 0, 11*4, 22* 1 and 35*7 %. It is again seen that there is reasonably close agreement between the hardness curves and the stress-strain curves.*
Derivation of Meyer's laws
Meyer's laws may readily be derived from equation (15) . Over an appreciable range of deformation, the elastic limit is a simple power function of the deformation or strain, i.e.
where 6 and x are constants (Nadai 1931).
As we have seen, to a first approximation, the deformation at the edge of the deformation is directly proportional to d/D. We may, however, assume a more general relation and write If for convenience we write n -z+ 2, this yields 
The two laws expressed by equations (19) and (20) (see equations (2) and (3)), were first deduced empirically by Meyer and are found to hold over a wide range of experimental conditions. Similar relations are also found to be valid for materials which have been cold-worked by various amounts. It is interesting to note that according to the experimental measurements described above, the power y in equation (17) 
Vickers hardness
One may expect that similar considerations will apply in the case of pyramidal and conical indenters. For these indenters the indentations are geometrically similar whatever the size of the indentation. As a result, the 'representative' deformation produced by the indentation and the 'representative' value of the elastic limit will be constant. Consequently, the mean pressure Pm required to produce plastic flow should be independent of the size of the indentation if the friction between the indenter and the metal is negligible. Experiments show that this is generally true.
In the Vickers hardness measurements a shallow pyramidal indenter is used, and the hardness number H is expressed as the ratio of the applied load to the superficial 272 D. Tabor area of the indentation formed. From the geometry of the indentation, it is found that H = 0-93i^. Empirical measurements similar to those described above suggest that the 'representative' deformation 8± produced by the deformation corresponds to a value of about 8 to 10 %, whilst the constant c connecting the mean pressure Pm with the 'representative' value of the elastic limit Y lies between 3*2 and 3*4.* Consequently, the Vickers hardness number is 2*9 to 3 times the 'representative' value of the elastic limit of the material around the indentation.
Typical values obtained for the steel and copper specimens used in the earlier experiments are given in table 11. Vickers hardness measurements were made on specimens of these metals after they had been deformed by various amounts 80. The elastic limit corresponding to a deformation of (£0 + 8) % was then determined from curves similar to those given in figure 9. This value is assumed to correspond to the 'representative' value of the elastic limit around the indentation. It is compared, in table 11, with the observed Vickers hardness numbers. The agreement is reasonably good over a wide range of deformations. It is also evident from the values of dx and c that the Vickers hardness numbers will be close to the Brinell hardness numbers over an appreciable range of hardness values. hardness results show that Pm -cY, where c has a value of about agree with the theoretical results of Hencky and Ishlinsky, and suggest that the elastic limit at the edge of the indentation provides a mean or representative value for the whole of the deformed material around the indentation.
The experiments also show that the elastic limit Ye at the edge of the indentation depends on the amount of deformation produced at this region by the indentation process itself. This deformation, which is a dimensionless parameter, depends on the size of the indentation and is a function of the ratio dlD. Measurements show % 1 that the deformation is roughly proportional to d/D and that, to a rough approxi mation, it is additive to any work-hardening to which the metal may have been subjected in bulk.
By combining these two main results which connect Pm with Y and Y with d/D, reasonably close agreement is obtained between the hardness measurements and stress-strain characteristics of various metals. In addition, it is possible to explain the well-established empirical laws of Meyer.
The picture of the factors involved in Brinell hardness measurements, given in this part of the paper, is necessarily of a crude nature. It does not take into account the question of friction between the ball and the specimen. Nor does it tell us any thing of the detailed way in which each portion of the indentation is plastically deformed and displaced. Nevertheless, it does describe the main characteristics of hardness measurements for a spherical indenter, and explains, in a semi-quantitative way, a number of well-established empirical relations. In a similar way the theory provides a semi-quantitative relation between the Vickers hardness number and the yield stress of the material.
It is clear from this analysis that hardness measurements are essentially a measure of the elastic limit of the material being examined. With pyramidal or conical indenters, where the indentation is geometrically similar whatever its size, the mean pressure to produce plastic flow is almost independent of the size of the indentation. Consequently, the hardness number has a single value over a wide range of loads. With spherical indenters, however, the amount of work-hardening and hence the elastic limit increases with the size of the indentation. As a result the yield pressure in general increases with the load. Measurements with spherical indenters thus provide information, first, about the elastic limit of the material, and secondly, about the way in which the elastic limit increases with the amount of deformation. This was first described empirically by Meyer in 1908, and the analysis given here shows that, to a first approximation, the work-hardening index is related to the Meyer index n by the relation x = n -2. In this way a series of h ments with a spherical indenter may be used to determine the degree of work hardening of a given metal.
